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The Spin-One Ising Model in the Mean-Spherical
Approximation
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The spin-one Ising ferromagnet on a simple cubic lattice is treated in the mean-
spherical approximation {MSA) for an exchange potential J(r) parametrized by
a Kac-Baker inverse-range parameter y. The mean-field result is recovered when
y—0; in this limit the result is exact. For y#0, a detailed analysis is given of
the phase separation associated with the tricritical point that occurs. The
analysis is made through the relation that gives the internal energy via {J(r)).
It shows that the MSA result satisfactorily captures the important thermo-
dynamic features of the tricritical point as long as y is not too large. The case
of Coulombic J(r) is also considered; here J(r) is antiferromagnetic. An
argument is given in support of the expectation that on the simple cubic and
body-centered cubic lattices the Coulombic J(r)} will give rise to a tricritical
point at which a A-line of Néel points meets a paramagnetic-antiferromagnetic
coexistence boundary.
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l. INTRODUCTION

In this paper we solve the spin-one Ising model in the mean-spherical
approximation (MSA) on a simple cubic lattice for an exchange potential
parametrized by a Kac-Baker inverse-range parameter [1, 2] », J(r)=
7> f(yr). We then go on to consider Coulombic J(r).

We first consider the ferromagnetic case in the Kac-Baker limit, y — 0,
in which we recover the mean-field result, which is the exact result in this
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178 Hoye and Stell

limit. The model exhibits tricritical behavior, as expected, and for nonzero
y we find that the MSA treats the coexistence associated with the tricriti-
cality of the model more accurately than mean-field theory as long as y is
sufficiently small. For larger values of y, the spin-1 MSA shows some of the
same spurious features that appear in the spin-1/2 behavior of the MSA
(for all y > 0) when one evaluates the thermodynamics from the expression
for the internal energy in terms of {J(r)), hereafter referred to as the
energy relation. From this expression one finds (for both spin-1/2 and spin-1)
a critical temperature at which

H=dm’—Cm*+ ---(4, C>0) (1)

(H is magnetic field and m is magnetization.) The magnitude of 4 and C
is determined by 4~ O((y*)~2) and C~ O(1). Since C> 1, the “double”
loops that result from (1) are unavoidable as m* will dominate for suf-
ficiently small m. (This behavior of MSA-like theories follows from the
analysis made in [3].)

The equation of state can also be found from the correlation function
via the susceptibility relation of fluctuation theorem, which yields a critical
isotherm that is without the m> term,

H=Dm*+ ---(D>0). 2)

An earlier study by one of us [4] of the lattice-gas (or equivalently, the
spin-1/2 Ising model) indicated that in the MSA the approximation resulting
from use of the susceptibility relation is not of a form that yields a
coexistence curve from a Maxwell construction in a three-dimensional
system—the associated equations have no real solution. This unpromising
result has led us to focus exclusively here on the use of the energy relation
in obtaining MSA thermodynamics for the spin-1 system. We find that if
the Curie point becomes tricritical then the —Cm? term in (1) and the
spurious double loop to which it gives rise vanishes. Moreover, when y is
reduced so that the B of Eq. (83) is below the value 0.22, the A-line of Curie
points and the phase boundary for paramagnetic-ferromagnetic coexistence
obtained from the energy relation do not meet at the tricritical point at an
angle of 180° in the p— T plane as they do in a mean-field treatment
(p =density, T =temperature).

The presence of a tricritical point in the p — T plane rather than a
simple critical point is to be expected on the basis of earlier theoretical
studies [5, 6], as is the way the location of that point and the shape of the
associated phase diagram in the p— T plane hinges so strongly on the
potential range through the single parameter B of Eq. (83). The abrupt loss
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of tricriticality at B=0.22 appears to be an artifact of the approximation,
however. On the basis of existing theory [7, 8], one would expect tricriti-
cality for short-ranged as well as long-ranged potentials.

In the above analysis, detailed in Section II, we consider only the
ferromagnetic case. But for lattices that can be decomposed into two identical
interlaced sublattices there is a correspondence between the thermodynamic
properties in the spin-1 ferromagnetic case and the properties in the anti-
ferromagnetic case in which J(r) is replaced by a “staggered” J(r) which
is —J(r) on the sublattice bearing a nearest-neighbor site and J(r)
otherwise, e.g., for the cubic lattice of unit spacing, J(r)=(—1)**"**J(r)
where r=(x, y, z). In the p — T plane the locus of Curie points becomes a
locus of Néel points and the coexistence of paramagnetic and ferromagnetic
phases becomes coexistence of paramagnetic and antiferromagnetic phases.
In general, J(r) will have a different range than J{r) and will correspond
to a different value of B. Thus in the p — T plane one expects the location
of the tricritical point and the phase boundaries to shift as one goes from
J to J,, but one does not expect to lose the tricriticality. One of the
implications of this observation, developed in Section III, is that on lattices
that permit staggering of J(r), one would expect tricriticality in the spin-1
Coulombic antiferromagnetic case, which is the lattice-gas version of the
restricted primitive model. This follows from the fact that the spin-1 anti-
ferromagnet with a Coulombic J(r) is isomorphic to the spin-1 ferromagnet
with a staggered J(r) that formally is of short range, when its range is
characterized by the range parameter y. And as we have noted, for the spin-1
ferromagnet with short-ranged J(r), one expects the presence of a tricritical
point in the p—T.

Il. THE MSA FOR THE SPIN ONE MODEL
OF He®— He* MIXTURES

In the lattice-gas version of the He® — He* mixture [5] the continuum
fluid of He®>— He* is replaced by a lattice gas in which either one He> or
one He* is always present at each lattice site. This is equivalent to a spin-
one model where spin s =0 means a He® atom while s= 11 means a He*
atom. The difference between the number of spins with s=1 and s=—1
measures the superfluid ordering parameter. When this difference is zero,
the fluid is in the normal fluid state. Between spins s; and s; at sitesr; and 1,
respectively, there will be an interaction of exchange form (§=1/kgT).

¢s,s,(ry)=1ﬂ%1(r,-,-) sis; (ty=r—t,) 3)

822/89/1-2-13



180 Hoye and Stell

Such a spin system can also be used to model a classical lattice-gas mixture
in an even more direct way. Spin s= —1 can be identified with a particle
of one species, spin s =1 with another species, and spin s=0 is an empty
cell (vacuum). This identification of s=0 with vacuum is consistent with
(3) which gives no interaction with other cells whenever s;,=0. We further
consider this interpretation in Section IIL

The densities of each species (and thus also the number of empty cells,
ie., number of He® atoms), will be determined by their chemical potentials
and vice versa. [ The chemical potentials are determined by the spin distri-
bution before the interaction is turned on.]

The MSA for a lattice gas is defined by the expression

Cois (X)) =2J(x ) 558, for r;#0 @

hsis‘j(rlj) =—1 for rij =0

for the direct correlation function c, and pair correlation function 4,
respectively. To obtain these functions in full, (4) has to be used as a con-
dition in solving the OZ (Ornstein—Zernike) equation which in its Fourier-
transformed version reads

Bog(k)=C,0(®) + Y polo(k) By (K) (5)

sk#0

One will find the solution to be of the form

cs,.,j(r.) =colr) +c(r) 5;5;

(6)
hy () = ho(E) + h(r)(5;— m)(s; — m)
where
ho(k) = (k) + pZo(k) ho(k) -
A(k) = &(k) + R&(Kk) (k)
with boundary conditions
co{r)=0 and c(r)=2J(r) for r>0; ®)

hy(r)=—1 and A(r)=0 for r=0.
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Here the subscript zero refers to the reference system in which J(r) =0, and

p=) Ps=pi+p:

s#0

m=_s)y=3 sp,=py—p, 9)
R={(s—m)*) =Y (s*—m?) p,=p—m*

(3, p,=1 with cell volume 1. Note p,_,=p, and p,_ _,=p,). The p will
be the density or fraction of He* while m will become the superfluid order
parameter. From (7) and (8) one easily finds

ho(r)=0  for r#0 and  co0)=—1/(1—p) (10)

which is the exact solution for the lattice gas with no interactions between
different sites. Use of (7) and (8) yields

#k)y=2[-K+J(k)] (11)

where

Jk)= Y e™J(r)

r#0

and where the constant K will be determined by the core condition
(—=n<k,Sm;i=xy,z)

L1 ¢ EK)dk
O‘h(o)‘(zn)3 J 1 — Ré(k)
1 1 dk
=§[_1+(27z)3 J l+2RK—2R.7(k)] (12)
or
1 dk
G | RN (1)
with
J_Le2RE 1

2R 2R
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To determine the location of a phase transition we will need the pressure
and the chemical potentials. The thermodynamics we obtain most easily by
using the results of Hgye and Stell [9]. There we find for a mixture: Inter-

nal energy per unit volume pu=3"; p,u; where

i
—Bpui=5 Y.p:; | (hy(D) +1) cy(r) dr

=3 | PR = 0D+ T p1p,2(0)]

or in the present case
— Bpu=RK + J(0) m*

For the excess free energy f£, where u = f(9f£/0f), we have

1
-ﬁPfE=§ z Pin[zij(O) - ij(o)]

1

-3 (21 53 Trace j {In[1 - p&(k)] + pé(k)]} dk

1
+3 Gy Trace f {In[1 — p&o(K)] + péo(k)} dk
(where here p¢ and pé, are matrices). In our case this becomes

—Bof =L+ Am*+pK

where
A=10)= —K+J; J=X0)
and
1
L_—E(2 E fln(l — pE(k)) dk

By use of (11) and (13) this can be written as

11 1. 1
L= =3 o Jln(l—;](k)) dk—>1n1

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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where
[=—L 3f & ___ _112RK 1)
(27)” 1 —(1/2) J(k)
Excess chemical potential is given by
—Bpius =p,0(—Ppf)op,= 3 Z Pi P(€(0) — Cou) — Bty
We get by use of (14) (since fp,u,=0 for J=0)
E= —K+2mA
Bui (22)
Buf=—K—2md
Excess Gibbs free energy is given by
Bouf=Y Bp,uf = —pK—2m’4 (23)
!

Excess pressure follows from

BpE=PBput—ppf*=L— Am* (24)

The pressure and chemical potentials of the hard-core reference system
(or non-interacting spins) are well known;

Bp°= —In(1-p)
pus=Inp, —In(1—p) (25)
Bud=1np,—In(1-p)
So in the MSA the total pressure and chemical potentials are given by
Bp=Pp°+ Pp*= —In(1—p)—Am*+ L
Buy = Pud + puf=1n p, —In(1 - p) —2mA — K (26)
Bur=Pus+ Bus = p, —In(1 — p) —2mA — K
We will now begin to consider phase transitions of the system. It is then

convenient to take the difference between the two last equations of (26) to
obtain the magnetic field of the corresponding spin system

1 1 1
BH = (Bua— B =3 (palp) ~2mA =3 1n (Z52) —oma (27)
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In our case the probabilities of up and down spins are equal so y; =u, or
H=0, ie,

1+m/p

4mA =
mA lnl—m/p

(28)

When p is not too small the system will behave as an ordinary spin one-
half ferromagnetic system with up and down spin states, whose phase
transition is determined by (28) for constant p (since the same p in both
phases will satisfy (26)). By expansion of (28) we find

1 /m\?
sz=1+§(;> b (29)

The spontaneous magnetization is thus m = +p(3(2p4 — 1))'/2, which goes
to zero as 2pA4 — 1. So the critical temperature is determined by

2pA=1 (30)

The J in Eq. (18) is proportional to inverse temperature f, so we may con-
sider the J to be our measure of inverse temperature. Due to the K in (18),
the 4 will depend upon m, f, and p. This m-dependence will have the effect
that close to the critical point (29) will have several solutions for m which
reflects the double loops of the MSA previously discussed in Section I.

However, if we let the inverse range of interaction y go to zero then
K— 0 and L— 0 and we obtain the “mean-field” limit where 4 =J.

When p drops below a certain value, the above ferromagnetic trans-
ition is no longer the stable solution. The change takes place where the pre-
vious critical point becomes tricritical. Instead of phases with equal p there
will now be phases with unequal p. In one of the phases the m=0 and
p <p, while in the other phase m# 0 and p > p,. where p,, is the tricritical
value of p. The tricritical point and the phase transition below is deter-
mined by equal pressures and chemical potentials in the two phases.

Denoting the quantities in the m =0 phase by a subscript “0” we find
from (26) (1, =u,)

—In(1—-p,)+L,= —In(1—p)—dm’+ L
In(ip,)—In(l—p,)—K,=lnp, —In(1 —p)+2md—-K 3D
In(p,)—In(1—p,)—K,=Inp,—In(1—p)—2m4 —K

To make the analysis simpler we consider first the mean-field limit for
which the results are well known. Then we have L,=L=0and K,=K=0
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(4=J). From (31) we again obtain Eq. (28). The first one of Egs. (31)
means

1—p,=(1—p)e*™ (32)

while the sum to the last two means

2 22
Po = plp22=lp mz‘ (33)
4l—p,)* (1—p)* 4(1-p)

Eq. (28) can also be solved with respect to p

cosh(2mA)
=m———— 4
M Sinh(2mA) (34)
Use of (32) and (34) in (33) gives
e (p? 2 M am?
po= (P —m ) e = o) © (33)

Elimination of p and p, in (32) then gives

__m a1 _ cosh(2mA)> a2
= oh(zma) © ’( " Sinh(2mA) (36)

or
e~ 4 mtanh(md) —1=0 (37)

This equation determines 4 as function of m or vice versa {p # p,). The tri-
critical point will be determined by the resulting value of 4 when m — 0.
The tricritical point and the phase transition close to it can be determined
explicitly by expansion. Numerically Eq. (37) can be solved in a straight-
forward way for any m or 4. The expansion gives

1= Am? + 4°m* -t 4°m® + ...
+m(mA —i(mA)>+ E(maA)Y’ + ... )—1=0 (38)
or
I—3d=0A4-F4)m’ (39)
Accordingly the tricritical value of A4 is

A,=A=3/2 (40)
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and from (30) the tricritical density is thus
pr=1/3 (41)
For small m, (39) gives
A=3=3(F4,~ 4, m* =i’ (42)

and then from (34) and (35)

43
112 )
Po 24 3 15
From this solution we note that
1-24p,=0(m*) (44)

which to order m? is nothing but Eq. (30), which determines the ordinary
critical point. In mean-field, where 4 = J(oc f), this means that the critical
line and the line for the phase with density p, (m=0) has a common
tangent at the tricritical point (in a p—7T diagram). Thus the angle
between these two lines will be 180 degrees, which is characteristic of mean-
field theories of tricriticality.

Mean-field theory becomes exact for J(r) of infinite range. We will
now begin the analysis for forces of finite range. To do so we need a more
explicit expression for the integral given by (13) or (21), at least close to
the critical point. For forces of finite range y ~', where y is the inverse range
of J(r),

J(k) = J(0) — const(k/y)*+ --- (45)
for small k, where k = |k|. For small ¢, where
1. 1
82=1——J(0)=1—z§(K+A)=—(1—2RA) (46)
z I I
we thus find that the I of (21) can be expanded as

I=I(1—2be+ ---) (47)

where I,, and b oc y* are constants.
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A convenient choice [10] of J(r) is P(r, z), the Green’s function for
the (discretized) Helmholtz equation on the lattice [11],

eikr

1
G | 7 e

P(r, z) = (48)

where the integration is over a Brillouin zone and ¥(Kk) is the characteristic
function of the lattice. Then J(k) ~[1 —z@(k)]~" + const and y? can be
taken to be proportional to z— 1. When z =1, P(r, z) becomes the Green’s
function for the discrete Laplace equation and so becomes an appropriate
Coulombic J(r) for the lattice, with J(k) ~ k~2 for small k, which we shall
exploit in Section IIl. Finally the nearest-neighbor case corresponds to
simply letting J(k) be proportional to Y(k) itself. For instance, for the
simple cubic lattice one has

J(k)=J4(cosk, +cosk,+cosk,)=J(1—¢k*+ ---) (49)

By a straightforward computation one then finds
2b1,,,=32—\7{—3= 1.17... (50)

The I,, has also been computed in an analytic way [12]. Its value in the
literature is reported to be I,,=1.5163860591...

Equation (30), which determines the critical line, will hold in general,
not only in the mean-field case. Use of (9), (30), and (46) shows that e=0
on the critical line and at the tricritical point. Due to (47) the equation of
state will thus have singular behavior in the neighborhood of this line.

If there is a magnetic field acting on the spin-one system, then Eq. (27)
holds. We will study the critical isotherm for small m.

ﬂH=m+l<E>’+l<ﬂ>s+..._zmA (51)
p 3\p 5\p
From (46) and (47)

e I=1—2R4=1+2RK~2RJ=1-2RJ=1,(1=2bec+ ---)=2(p—m?)J
(52)

At the critical point ¢=0 and m=0 so I,,=2pJ. When a magnetic field
is applied, the p as defined by (9) will vary along with m. However, for
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simplicity we assume it fixed for the moment as this should not affect our
conclusions. So for critical J and m#0

mZ
e =¢l, = —2bl, ¢ + I (53)

or
1m 1
=——C— 54
e 2bpoc:y3m (54)

for small m*(~y*). So with (46) and (51)

m 1 /m\?® 1/m\’ 1—¢&%l
H=—+=(=) +2(=) + - —2m—
A P 3<p> 5(/)) 2(p—m?)

NN/m\* /1 \/m\*> m m*\?
B ( 3><p> +<5 ><p> ol <2bp> " (3)
This clearly shows the previously mentioned inconsistency of the ordinary
MSA critical point. The critical behavior in an extended region is
dominated by the me® term (~m’/y® as m—0). However, in a region
where m? ~ »3, (55) has an irregular behavior since the m® term which has
a negative coefficient will dominate for p > 1/3. When p approaches 1/3 one
sees that this inconsistency vanishes. At p =1/3, which will be the tricritical
point, (the same p as in mean field) this inconsistency does not exist any
longer. Thus we have reason to expect that the MSA results close to the tri-
critical point are close to the exact ones and that we may obtain meaning-
ful results arbitrarily close to this point. As we will show explicitly for our
model, this will be true if the forces are not too short-ranged. Nearest-
neighbor interaction only [ Eq. (49)] will turn out to be too short-ranged
in this respect.
Now we will begin to analyze the behavior close to the tricritical
point. Along the critical line we from (52) find (¢=0, m=0, R=p)

0=1-2p4=1I,-2pJ or J=I,A (56)

Along the curve of coexistence below the tricritical point ¢ # 0 which means
[Eq. (52) to O(e)]

I(1—=2be+ ---)=2(p—m?)J=0, (57)
and for the branch with m=0

I(1=2bg,+ ---)~2p =0 (58)
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Along the curves of coexistence away from the tricritical point (p = 1/3) we
must expect J (inverse temperature) to grow to have meaningful results,

ie.,
2b80<2(%_p0) J/Im=3(%—po) (59)

For small m we expect po—p,, p—p,, and A— A4, to be of O(m?) as
found in the mean-field case. Thus we must expect &2 ~m* (not &2 ~ m?)
from (52) in order not to violate (59). Even with & ~ m? Eq. (59) may still
be violated if & ~ > is too large. When this is the case the MSA results can-
not be expected to be meaningful arbitrarily close to the tricritical point,
i.e., inconsistencies become too large.

A consequence of ¢, ~m? and Eq. (58) is that

I,—2p,J=2bl¢,~y’m* (60)

This differs from the mean-field result (44) (where 4 =J). The consequence
of (60) is that the angle between the critical line and the line for the phase
with density p, becomes less than 180 degrees at the tricritical. This is due
to the singular behavior (47) of the integral (21). The result of (60) is in
accordance with both the results of renormalization-group analysis [13]
and with the experimental situation for He® — He* mixtures [ 14], a feature
which has not been possible to describe by mean-field theories.

We find that the equations of (31) can be handled exactly without too
much trouble. This hinges very much on an expression for I that makes it
possible to find L explicitly and at the same time makes it possible to
eliminate ¢, and &. The numerical problem reduces to solving two equations
for the two unknown p, and m with A considered known. [ In mean-field we
had only one such equation (37).] The suitable expression for I will be

1,
It ope s~ (1 =202+ ) (61)

where I,,=1+2b+c (I=1 for e=1). We want to express all other quan-
tities in terms of p,, m, and 4. Eq. (34) holds and by that we have an
expression for p. Combining (9), (52), and (61) we find

el=a=1-2(p—m?>)A4

62
(I,—co) e —2bae—a=0 (62)

e= [ba+./(ba)? + (I, — ca) x] (63)

1, —co
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Eq. (52) also gives the inverse temperature J

.
where (61) and (63) gives I explicitly. For R=p, Eq. (52) becomes
e2l,=I,~2p,J (65)
or by use of (61)
e2=1-—g(1 +2be, + ce?) (66)
where g =2p,J/L,,.
So
|
80=1—+q;[—qb+\/(qb)2+(1—q)(1+qc’)], (67)
and by that we have K, and X explicitly (see Eq. (21))
K=Z§E%§ and x;=g;f (68)

Finally we need L and L,. From (20), (21), and the definition (46) of &’
we see that

dL 1 1d
—a=5;(1—1)—52;(1n1) (69)
where
1 2
o=-J0)=1—¢
z (70)
do= —2ede
Accordingly

L=—-0-1ilnr (71)
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The integral Q can be evaluated explicitly. (Constant of integration will be
of no interest since we will only need L, — L.) We have

N 1 I,
2=, (1—x2)[1+2bx+cx2‘1] dx

_FI_,,,{ -1 1 1 1
o oe 2+ D+ Dx+1 2(e; — (e, =1 x—1

+ £ 1 + &, 1
(1 —sf)(gl —g)x—g (1 '85)(82"81)x"82

}dx+%ln(l —&?)

& +¢&; 82‘1 €
B st ML ER— 1 —
Gt Dy e+ oy g g, e el
e—1 ¢
: 2—In(le, — ). (72)

82+181—'82

Here the ¢, and ¢, are the roots of 1+ 2bx + cx*=0.
81=%[—b+«/b2—c]
2= [~b—/F~c] (73)

I, 1 2b
=t —Fl=(g—1)e,—1)
¢c ¢ ¢

By the use of the above expressions in (31) we arrive at two equations
that can be solved numerically with respect to p, and m for given 4. E.g.,
we may use the first expression of Eq. (31) and the sum of the last two
(their difference gives (28) or (34) which we have already utilized.)

Finally we will expand the equations around the tricritical point, i.e.,
we will consider small m — 0. For deviations from tricritical values we write

X=p—3%  Xo=Po—3 (74)
Expansion of (28) gives

A=3(1-3x+3m?) or x=m'—}(4-3) (75)
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Equation (62) by use of (28) gives

eI=6, =1-2(p—m* 4
111\, /11 11\,
_1—[1+<3p2_p>m +<5p“ 3p3>m]
=9m? (x——% m2> (76)

Equation (64) and (61) gives

I12258) 3 ) ) abe—3x 4 3m?) (77)

T A=) "2

and combined with (65)

5 (o —x ) (78)

g, =¢

Equation (28) or (75) is the result of the difference between the two
last equations of (31). If we take their sum we instead get

In(3p,) —In(1 — po) — Ko =3In(p,p2) —In(1 — p) — K (79)
Here we need an expression for K— K, which we get from (18) and (62)

eI—1

=——-2(p—m2)+'] (80)

From this, using (9) and (74), we finally obtain [through expansions in
m/p and in x that are put into (79)]

e, —el, =2 (x*—x2)—im* (81

To obtain the last equation we need we expand the first of Eqs. (31) and
add to the result —1/3 times the left-hand-side of (79). We then use (61),
(64), (69) and (80) to find an expression for L+ K. Expanding first in
powers of m [with 4 given by (28)] and then in powers of x[ =p—1/3]
we finally obtain

—%xogilm - %8g(2blm) + %7‘)62

= —3(x—m?) I, — Le3(2b1,,) + ¥ x> — Zxm* + ¥m® (82)
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The resulting equations to be solved close to the tricritical point are thus
Egs. (75)-78), (81), and (82) with one of the parameters 4, ¢, & x,
x,, m? and J considered known. Besides these quantities the result also
depends upon the parameters I,, and b. However, by a simple inspection of
the equations it is easily seen that these two parameters reduce to only one
parameter

B=—2 (83)

N

that affect the result since ¢ \/_I; and ¢, \/I_,,, can replace ¢ and ¢, respectively
as parameters. The B ~ b ~ y* where 7 is the inverse range of interaction.
These equations for the phase transition close to the tricritical point
can be solved explicitly in a straight-forward manner for arbitrary B on a
computer. One finds that our MSA solution gives a well-defined phase
transition close to the tricritical point. See Figs. 1 and 2 for the quantitative
results. This is in contrast to the MSA behavior found from the energy

0.4 -1 T T T

\,
NN,

0 0.2 0.4 0.6 0.8 1
b 1-p

Fig. 1. The coexistence curve in the density-temperature plane. Here p is the fraction of sites
occupied by spins and T* is k,T/7(0), a dimensionless measure of temperature in units of
interaction strength; see Eq. (11). The four sets of coexistence curves correspond to four
increasing values of the inverse rarge of interaction given by B=0.00, 0.07, 0.14, and 0.21
{from top to bottom, at the tricritical point). The coexistence-curve slope at the tricritical
point on its left-hand side becomes zero at B=0.22. The curve for the infinite-range value
B=0.00 is exact and coincides with the result of mean-field theory. B =0.21 corresponds to
a somewhat longer range than nearest-neighbor interaction. See Eqgs. (21), (46), (47), and (83)
for analytic details. The dashed lines represent the slopes of the A-lines of Curie points at
tricritical.
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0.25 0.3

Fig. 2. Slope of coexistence curve squared (relative to its mean-field value) at the tricritical
point on its low-density side, plotted against B, a dimensionless measure of inverse range of
potential. The ordinate is given by ((2/91,) dJ/dx,)?, which is (1+(2/3)be,/x,)%. See
Egs. (77), (78), and (83) for further analytic details. The dashed line represents the limiting
slope of the curve.

relation for the spin-1/2 Ising model (ie., simple lattice gas) where irregu-
larities and inconsistencies distort the description of the phase transition
close to the critical point [2, 3].

For some special cases we may solve our equations in an analytic way.
One such case is the mean-field limit B— 0(y — 0). In this case Eq. (78)
gives

Xo—Xx+m?=0 (84)
This together with (81) can then be used in Eq. (82) to give
3%o(6” —85) L+ F (x5 — x%) + Fxm* — $m° =0
* 8 = 22) ~ Fm*] + 23 = x) + Foom® — EmS =0
Bl(2xim? + x m*)— Zx m* — L (3x2m? + 3x,m* + m®) (85)
+Z(xo+m*)m*—Emé=0
—Zx m*—Fmé=0

Thus

&
Il
[
G
3

(86)

=

]
ola

3
)
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This agrees with our previous result (43) as it should. In addition (76) and
(81) further give

27 02134y .2 __ 3 4
&L, =Im(5—3)m"=35m

(87)
&L=, — (3~ x3) ~ m) = Jm*
and from (75) and (77) (I,,=1)
J=A=3(1-3x+3m*) =3+3im? (88)

Besides this B =0 solution we also can find explicitly the value below
which B has to be kept to have a solution of the equations that signals a
phase transition close to the tricritical point. [ Beyond that value of B the
equations do not have a real solution. At an ordinary critical point the
MSA always has such an inconsistency (for any y).] The limiting B is
determined by ¢, =0 (¢, <¢&) which can be seen from Eq. (47) for instance
to require ¢ (and ¢,) to be real and positive to be meaningful. As ¢, — 0 the
numerical solution indicates that x, — 0. So let us assume x, =0 for ¢, =0.
Eq. (76) put into (81) then gives

x*—3xm*+im* =0 (89)

Since €% >0 means x > #m? it is clear that the larger one of the roots is the
proper one here, ie.,

xjm?=2+¥2 — 0877 (90)
To verify that x, =0 is the proper value for ¢, =0 we consider Eq. (82) too,
where we eliminate ¢2I,, and 2be by means of Egs. (76) and (78). By doing

so we again recover Eq. (89). Thus x, =0 is indeed a solution.
From Eqgs: (75)—(78) we then finally find for ¢, =0

3 9 -

gzlm=9m2 (x-—%m2>=i(-—————-—— '150—2)m4; 8«/Im=0.835m2 (91)
3m*—x 5-./10 | 5
B=b/ /I, == = =0.220
2¢./I, 10 3(/10=2)

822/89/1-2-14
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This value of B we can compare with the one for nearest-neighbor inter-
action which from (49) and (50) means

2bl,,

B=arr

=0314 (92)

Since the latter B is the larger one, it is clear that the interaction must be
a little more long-ranged than nearest-neighbor to get a proper phase
transition just below the tricritical point when the MSA is utilized. How-
ever, for 0 < B <0.220, the MSA, in contrast to mean-field theories, gives
a phase diagram that is in close accordance with experimental results as well
as exact theoretical results for tricritical points [6-8]. This is consistent
with the conclusion [ 8] that the phase diagram close to the tricritical point
is characterized by the singular behavior resulting from the finite range of
real interactions.

Il. THE SPIN-1 SYSTEM AS A COULOMB GAS

On the simple cubic lattice with unit lattice spacing the Fourier trans-
form of the discretized Coulomb interaction will be

2 2

dne 4me

aC(k)=6(l—-{/;(k)) =0 g2y ...

(93)

where e is charge and ¥(k)= 3(cos k,, +cos k,+cosk,). The i diverges
when k — 0, but is finite when k; — + 7. We note that this Coulomb poten-
tial can be incorporated into the spin-one model studied in this work. For
low temperatures one expects an ordering transition into a crystal lattice
of antiferromagnetic type. This ordering will correspond to that of the
ferromagnetic phase considered in this work if one changes the sign of the
interaction for odd-numbered neighbors. Thus the equivalent ferromagnetic
problem has the interaction

47e?

0=~ a0

(94)

such that now
2J(k) = — Biiz(k) + const

where the const is adjusted so that J(0) =0 is implied according to Eq. (11).
The i will represent a staggered interaction, and in terms of its y dependence,
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corresponds to a y that is larger than for nearest-neighbor interaction (i.e.,
is formally a more short-ranged interaction, see Eq. (45)).

Evaluations for the Coulomb problem can now be closely related to
the nearest-neighbor case. Thus one expects a line of critical points (which
for the Coulomb case will be the antiferromagnetic line of Néel points) for
p =} with p=1/3 being the MSA tricritical point. However, as we can
expect the parameter B of Eq. (92) to be larger than 0.22 the MSA will not
yield a well-defined tricritical point, as discussed earlier, when one obtains
its thermodynamics through the energy relation. For this reason, the MSA
does not appear to be useful in treating phase separation in the Coulomb
lattice gas. On the other hand, it may well prove useful in treating thermo-
dynamic states away from phase boundaries. Here we show explicitly that
the standard Debye-Hiickel low-density limit is found in the MSA
Coulomb lattice gas. To obtain the close connection to the nearest-
neighbor lattice gas we can consider the general lattice Green’s function

. 1
300 =4 (= ~1.) 95)
with
l—a
A=1TT0=9L
(96)
7 = 1 f dk
*(2n) ) 1—af(k)

The @(k) is normalized such that ${(0)=1 and ¢(0)=0. The integral of
interest is the one for I given by (21), to which (48) reduces at r=0. By
rearrangement this integral can be related to integral (96). We find

1 dk
PE) = Gap J 1—zp(k)
_ 1 J dk(1 —ay)
2rY ) 1—ql=1)—a(14+ql) ¥
_ 1 1 (a/W(l—Wx];)+1—(a/W)dk
1—g(1-1,) (2n)® 1— W

=== () o]

_ 1 q
‘1+q1i”1—q<1—1a>P°(W’} ®D
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where
q=zA4
1441,
~*T (-1 o8
Po(W)=1Iy
Interaction (94) is obtained by putting a = — 1. This yields (I,=1_,)
_ 2z
= 7311
(99)

2z

W=_1—2(l—z)(11——1)+1

Now consider small densities such that z is small. Then we have (see
Eqg. (46))

—W=1-¢
2 (100)
T2, -1
__4 1 _
Pz 1"1+qh[1—q<1—L,l)P"(W) ’“]
(101)

eI, = Pof1 — ) =3—2-{983

g=—22—0
utilizing (50) (Py(1)=1,).
The excess chemical potential u°* is given by expression (26) for u,

and u, for m=0, ie., the disordéred or fluid state. So by use of Egs. (26),
(21), and (9) (P(z) =1) we have

- -1 1 3.6,
Bou = —pK= —p —o-= —-2(P(Z)—1)—— an ¢ (102)

Finally the ¢* should be identified in terms of the ionic fluid parameters.
Eq. (95) for small 4k and a= —1 is (dk;=k,—n and (4k)*>=(4k,)* +
(dk,)? + (4dk.)*)

6A4 —6 2z 1 6
PR A 1 (k) (dk)?

-zp(k) = — (103)
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This can be identified with the Coulomb interaction. For small z (or fp)
such that K is small one then has

2

—2p(l) = Bpi (k)= 75 (104)

with k% =4nfpe®. Thus (with 4k < k)
6¢> =K (105)

which inserted into (102) yields

Bou* = —=— (106)

This is the weli-known Debye-Hiickel result for ionic fluids.
Finally we can evaluate the parameter B as given by (92). The P(z)
should then be investigated close to z=1 so we put z=1—¢%

P(z)=(1 =21} (1 =2Py(W)) (107)

as g= —2/(2I,—1) for z= 1. Expanding expression (99) for W we find
W=1-¢%; ¢&%,=202I,—-1)¢ (108)

Comparing with Egs. (47)-(50) it follows that

P(W)=1I,1~-2bep+ ---)
So

P(z)=1,,(1—-2be+ ---)

with

Ilm=(211—1)2

)
b, =2Ib :2-;';:—1

Inserted into (92) this yields (/,,=1,)

by (2 \" b
() o

with & and B given by (49) and (50).
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Iv. DISCUSSION

As mentioned in our Introduction, one expects tricriticality in a spin-1
ferromagnet for all values of B. The fact that one finds MSA tricriticality
confined to a range of B that ends at the value 0.220 on a simple cubic
lattice is almost surely an artifact of the approximation. In light of the
results of [7-97 and of [13] one would expect the zero slope to the left of
the tricritical point to be realized only for B — oo rather than for any finite
value of B.

Except for this feature, the thermodynamic behavior of the MSA is
very much like the exact behavior found in the spherical-model limit,
D — oo, of a classical D-dimensional spin system with the spherical con-
straint 3V, 57 = N, which was studied in detail in reference [7] and [8].
In particular, the way the coexistence-curve geometry hinges upon the
potential range in the D — oo limit is closely mirrored by the MSA spin-1
behavior. We conclude from this study that when used judiciously, the MSA
is a useful approximation for the study of spin-1 systems, and its solution
deserves to be extended to the full BEG Hamiltonian studied in ref. [S5].

We have used the correspondence (that follows the equivalence noted
above Eq. (94)) between the thermodynamics for staggered and non-
staggered potentials to argue that one should expect tricritical behavior in
the spin-1 antiferromagnet with Coulombic J{(r), which is the lattice-gas
version of the restricted primitive model {RPM) of a charged hard-sphere
fluid of anions and cations of equal charge number and diameter. The
suggestion that the RPM might have a tricritical point was made in 1993
by Kholodenko and Beyerlein [ 15] on the grounds that one might expect
such behavior for a spin-l1 antiferromagnet. Fisher [16] subsequently
argued against the suggestion. He noted that there was no experimental
evidence for systems believed to be well-modelled by the RPM or direct
simulation evidence for the RPM itself of such tricriticality, and further
argued that the theoretical grounds for expecting such tricriticality is weak.

There continues to be no direct evidence for tricriticality in continuum
models of ionic fluids or in real electrolytes. However, unlike Fisher, we
believe there are strong theoretical grounds for expecting tricriticality in the
lattice-gas version of the RPM on the simple cubic lattice. We regard the
argument we have put forward here as one of them, under the assumption
that in an exact treatment tricriticality is preserved for B as large as 0.572,
as the results of [7-9] and [13] strongly suggest. {Another is the fact that
in the p=1 limit in which all sites are occupied by ions, the antiferro-
magnetic spherical model with Coulombic J(r) shows a Néel point on the
simple cubic lattice [ 17].) We also believe that much could be learned by
extending the results of [7] and [8] to a Coulombic J(r).
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Because of the absence of an underlying lattice structure in the RPM
fluid that promotes the antiferromagnetic ordering of charges, it seems
likely to us that the tricriticality we expect in the lattice gas may well not
occur in the RPM fluid, where the usual gas-liquid appears to preempt the
paramagnetic-antiferromagnetic ordering. The issue deserves further study,
however, as does the possibility that a A-line of Néel points persists in a
solid phase of the RPM even if fluid tricriticality does not occur.
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